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P R E F A C E 
This d i s s e r t a t i o n i s based on the theory of genera l ised 
Hankel transforms which has i t s nucleus in the work propounded 
by the ce lebra ted mathematicians P ro f s . Hardy and Titchmarsh in 
t h e i r f i r s t paper on 'Self r ec ip roca l func t ions ' tha t appeared 
in the Quar. Journ. of Mathematics (1930). As the work in t h i s 
d i r e c t i o n has developed in leaps and bounds since then i t wi l l 
not be possible to give an account of the d i scover ies made on 
t h i s subject to t h i s d a t e . However reference can be made to 
the Ph.D. theses of Drs. B.D. Agarwal (1960) and S. Masood (1962) 
submitted a t the Banaras Hindu Un ive r s i t y . 
The present d i s s e r t a t i o n comprises four chap te rs . The 
f i r s t chapter -as usual contains a h i s t o r i c a l account of the 
general ised Hankel transform given by Roop Narain. His work 
which i r compiled in chapter I I I , i s r e l a t ed with the general ised 
Laplace transform due to Verma, For t h i s reason a br ief account 
of Verma's genera l i sed Laplace transform i s a lso given in 
chapter I . 
Much of the work t h a t has so far appeared i s based on 
the f i r s t so lu t ion as given by Hardy and Titchmarsh, of the 
In tegra l equation 
f(x) - / fTy J^ (iy) f (y)dy . 
0 
The first author whose . '^ ax'^ h work is based on the second 
(il) 
and the third solutions of the above equation is B.D. Agarwal. 
In chapter II, we have enumerated all his results in 
the form of severals theorems which are supported by corollaries 
and suitable examples. 
Chapter III contains a number of theorems involving the 
generalised Laplace transform due to Verma and the generalised 
Hankel transform given by Roop Narain. These theorems are 
supported by a number of examples which help in the evaluation 
of some infinite integrals. 
Chapter IV deals with the theory of Self reciprocal 
functions in a generalised s^nse associated with the Meijer 
G-function as a symmetrical Fourier Kernel. These results are 
given in the research work of Drs. Masood and Kapoor (1968,72), 
The theorems in this chapter are generalisations of correspon-
ding results given by Hardy and Titchmarsh and Bailey. Besides 
a theorem connecting the generalised Laplace transform and the 
generalised Hankel transform is also given in the end. The 
theorem are supported by suitable examples. 
In the end a comprehensive bibliography of original 
research papers is given. 
This work has been carried out by me under the guidance 
of Dr. Shaik Masood, Profescor and Chairman, Department of 
Applied Mathematics, Aligarh Muslim University, Aligarh,to 
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CHAPTER-I 
A BRIEF HISTORY OF GENERALISED HANKEL TRANSFORMS AND 
SELF RECIPROCAL FUNCTIONS 
1.1 Transforms obtained by l i n e a r t r a n s f o r m a t i o n s whose k e r n e l s 
are Besse l funct ions are c a l l e d Hankel t r a n s f o r m s . They are some 
t imes r e f e r r e d to as Besse l t r a n s f o r m s . 
Hankel formula 
oo 
f (x ) = / u J ^ (ux)du / y J . (uy) f ( y ) d y , 
0 *^  0 
where J ^ (x) i s a Bessel f u n c t i o n of o rde r V > - 1, may be 
expressed by the two e q u a t i o n s : 
oo 
f (x) = / V7y J ^ ( x y ) g (y )dy , ( 1 . 1 . 1 ) 
0 
oo 
g(x) = / fxy J ^ ( x y ) f ( y ) d y , ( 1 . 1 . 2 ) 
0 
The two funct ion f (x) and g( x) , so connec ted , are sa id to be 
Jy -transform of each o t h e r . 
In t h e s p e c i a l case when f ( x) = g( x) , t h a t i s , when 
f (x) = / n ^ J^(xy) f ( y ) d y ( 1 . 1 . 3 ) 
0 
f(x) is said to be self-reciprocal for J,^^transform and is 
: 2 : 
genera l ly denoted by R for "i/> - 1« 
A function sa t i s fy ing (1 .1 .3 ) with the sign of one side 
changed, i s said to be skew-reciprocal for J y - t ransforms, and 
R—1 i s denoted by -Ry . We sha l l wri te R^ and R^ for ^ and 
Rl 
^ as f(x) then denotes functions self rec iproca l in the cosine 
and s ine- t ransform r e s p e c t i v e l y . 
1.2 We give below ce r t a in de f in i t i ons and proper t i es which a 
c l a s s of functions f(x) must s a t i s f y . In what follows, these 
de f in i t ion and p roper t i e s wi l l be employed as and when they are 
required in the contex t . 
Hardy and Titchraarsh [20] gave two very general solut ions 
of the equation (1 .1 .3) . and [20] gave t h e i r de f in i t i on of functions 
it 
A(a, a) and A ( a , a) . 
DEFINITION 1; 
A function f(x) belongs to A(a , a ) , where 
0 < a < n, a < | , if 
( i ) I t i s an ana ly t i c function of x = r e , regular in the 
angle A defined byi) > 0 , | o | < a, and 
- a - o a - l + ^ 
( i i ) I t i s 0 ( | x j ) for small x, and 0( | x| ) for 
la rge x, for every pos i t ive and uniformly in any angle 
: 3 : 
\Q\ 1 a - n < a. 
DEFINITION 2; 
A function f(x) belongs to A ( a , a ) , where 
0 < a i n / 4 , 0 < a < ^ , if 
iO ( i ) I t i s ana ly t i c function of x = r e regular in the 
angle A defined b y ' ^ > 0 , | 9 | < a, and 
( i i ) I t i s 0 ( j x | ^ ) for small x, and 0 ( | x| ^ ) for 
large x, for every pos i t ive g , and uniformly in any 
angle | e | <. a - tj < a. 
The two so lu t ions of (1 .1 .3) are as follows: 
( i ) A necess i ry and su f f i c i en t condit ion tha t a function f(x) 
of A(a,a) should be +R^ is t ha t i t should be the form 
, c+ic» TTS 1 , / ^ - s 
^ ( ' ^ ^ = 2 H ' / ' 2^ r (^ + 1 + | ) llJ(S) X ds (1.2.1) 
c—io9 
where l|j(S) i s regu la r and s a t i s f i e s . 
l|l(S) = llJ(l-S), ( l . 2 . 2 ) [ a ] 
llJ(S) = -Ijld-S) ( l . 2 . 2 ) [ b ] 
in the s t r i p 
a < 0 < 1 - a ( 1 . 2 . 3 ) 
(7i/4-a-Ti)|ti 
4J(S) =^  O^e i (1 .2.4) 
: 4 : 
for every pos i t ive TJ and uniformly in any s t r i p i n t e r i o r 
to ( 1 . 2 , 3 ) , and c, is any value of a in ( 1 . 2 . 3 ) . 
( i i ) A necessary and s u f f i c i e n t condit ion tha t a function 
f(x) of A (a , a) should be R^ , i s t h a t i t should be of 
the form 
t(x) =• S I ••'^  * S |i(S)dS (1 .2 .5) 
C—loo 
Where C i s any pos i t ive number, t ha t the i n t eg ra l is the 
l i m i t of an i n t eg ra l over ( c - i T , c+iT) and \iiS) has the 
p roper t i e s 
i(J) 
( i ) ^(S) = ii( J e ) i s an ana ly t ic function of S, regular 
in the angle B(a,a) defined by J '> 0, |(j)| < n/2 + 2a; 
( i i ) tx(S) i s 0 ( | S | * ) for small s, and 0 ( | s l ^ ) for 
la rge s, for every pos i t i ve Q and uniformly in any angle 
W 1 f + 2a - j < 7i/2 + 2a; 
( i i i ) ^i(S) s a t i s f i e s the equat ion ^i(S) = \x{h) in 
B(a,a) (1 .2 .6) . 
A third solution of (1.1.3) given by Bailey, W.N. [4], 
is as follows: 
: 5 : 
The funct ion 
1 1 ^ ^ 
V^ +5 00 "2 ^ ^ -J 
f ( x ) = X / e S F(S)ds ( 1 . 2 . 7 ) 
0 
i s R^ :^  , fo r a l l v a l u e s of-^ , f o r which the i n t e g r a l converges , 
where 
(i) F(S) is integrable, 
(ii) F(S) = 0(S ) for large values of S, where y^> I. 
(iii) F(S) = ^ (|) (1.2.8) 
1.3 A GENERALIZATION OF THE CLASSICAL LAPLACE TRANSFORM 
•^(s) = s / e f(t)dt, (1.3.1) 
0 
has been introduced by Verma ( [ 4 5 ] , P.209) in the form 
$ ( s ) = s / ( s t ) e W ( s t ) f ( t ) d t , ( 1 . 3 . 2 ) 
0 k,m 
where W C2C) i s the Whittaker f u n c t i o n . We denote the g e n e r a l i z e d 
kyin 
transform ( 1 . 3 . 2 ) symbol ical ly by 
J ( s : k,m) = W [ f ( t ) ; k,m] , ( 1 . 3 . 3 ) 
where "^ (s: k,m) = J( s), while (1.3.1) is usually denoted by 
gs) = f(t) (1.3.4) 
: 6 : 
On put t ing k+m = -^  (1 .3 .2) reduces to ( l . 3 . 1 ) by v i r tue 
of the i d e n t i t y 
m—^  — z^ 
Z W, Z = e (1 .3 .5) . 
"^ni,n 
1.4 Since the f i r s t paper on se l f - r ec ip roca l functions by 
P ro f s . Hardy and Titchmarsh appeared in the year 1930 [2o] a 
s e r i e s of research papers s t a r t ed appearing in d i f f e ren t 
Mathematical j o u r n a l s . The number of such papers has increased 
so much tha t i t becomes almost impossible to enumerate them here , 
what to t a lk of g i / i n g t h e i r d e t a i l s . However in order to get 
a jji:;ip-e of the work on the subject t i l l s i x t i e s references 
may b« made to the Ph.D. theses of two e a r l i e r workers Agrav/al, 
B.D. (1960) and Masood, S. (1962)submitted to Banaras Hindu 
Univers i ty . 
Later gene ra l i za t ion of Hankel-transform in d i f f e ren t form 
have been given form time to time by d i f f e ren t author . We propose 
to give in the ensuing Chapter the inves t iga t ions made, using the 
second and th i rd so lu t ions (1 .2 .5) and (1 .2 .7) of (1 .1 .3) in the 
f i r s t ins tance . 
The work involving f i r s t so lu t ion (1 .2 .1) of (1 .1 .3) wi l l be 
found in the afore-sa id theses and therefore we wil l not give in 
: 7 : 
what follows r e s u l t s involving the f i r s t so lu t ion . In the 
second instance work on gene ra l i za t ion of Hankel-transform 
follows in the l a t e r Chapters. 
Two functions f(x) and g( x) sa t i s fy ing 
g(y)cly, f(x) = / (xy) 
0 
1 
X i/, k,m 
and 
1 
CO 2 
g(x) = / (xy) 
0 A;/.k, 
f(y)dy, 
m 
are said to be - transform a t each other* In p a r t i c u l a r 
when f(x) = g ( x ) , the above equat ions reduce to 
1 
2 
f(x) = / (xy) ^ f(y)dy, 
0 A. 
(1 .4 .1) 
V»k,m 
in which case f(x) i s said to be sel f rec iprocal for 
^ - t ransform and i s denoted by R ^ ( k , m ) . When k+m =- i 
^-^,k,m 
the above three equations reduce to corresponding there equations 
of Hankel transform given r e spec t ive ly by the equation ( 1 . 1 . 1 ) , 
(1 .1 .2) and ( 1 . 1 . ? ) . 
The function "V" (x) when expressed in the form of 
/^V,k ,m 
Mei je r ' s G-function i s given by the following 
X-)) »k. ( x ) = X m 
k-m-^, -k+m+^ 
i) , +2m, -2m, 0 
( 1 . 4 . 2 ) 
- 0 - 0 - ^ 0 - 0 - 0 - 0 - 0 -
CHAPTER-II 
THEOREMS ON SELF RECIPROCAL FUNCTIONS 
2.1 In this Chapter we give the main results proved by Agarwal, 
B.D. in the form of six theorems. In arriving at these results, 
the author has made use of second and third solutions given by 
Hardy and Titchmarsh and Bailey. In this Chapter we reproduce 
these results as given by the author without proof. Many 
Corollaries of the main results follows, on given different 
values to the parameters involved in each theorem. Each result 
has been supported by an example as given by the author. 
2 . 2 THEOREM 1 . 
If f (x) be R , then the func t ion 
X i""^ n 4 r 2 2 n\ 
g ( x ) = / x^ y ^ P i (x - y ) J f ( y ) d y ( 2 . 2 . 1 ) 
0 L ^ 
i s R-j) , v;here n i s any number and 
k+i 1 ( U / 2 - V / 2 ) n 
P(x) = ^ / e5 ^"s S lll(S)dS, if X > 0 
, K— ioo 
= 0 If x" < 0 
( 2 . 2 . 2 ) 
: 9 : 
- a / 2 - ^ 
provided t h a t lil^i) = ^i^) and ^{S) i s 0 ( l s | ) for 
a /2+^ ^ 
small S, and 0 ( | S | ) f o r every p o s i t i v e 5 , and 
0 < a < ^ . On t ak ing n = 1 in theorem ( l ) we g e t 
2 . 3 THEOREM 1(A) 
I f f (x) be R^, then the f u n c t i o n 
X i-V ^^ 4 2 2 
g ( x ) = / x^ y P ( x - y ) f ( y ) d y ( 2 . 3 . 1 ) 
0 
i s R^ where 
, V 1 ^-^-^'^ i ^ 2 ( v x / 2 - y / 2 ) 
P(x) = ^ f e"^  S ljJ(S).dS, i f x > 0 ^ 
= 0 If x < 0 
J 
( 2 . 3 . 2 ) 
2.4 OOROLIARY j 
On t ak ing lll( S) to be equa l to a c o n s t a n t m u l t i p l e of 
1/2 - 1 / 2 n-V 
(S -t- S ) , 
We have , (V-^-l) 4^ 
P(x) = x e , 
provided t h a t V < ^i, 
Hence we g e t the fo l lowing r e s u l t : 
If f ( x ) be R , then the f u n c t i o n 
: 10 : 
g(x) - X e / y (x -y ) e f(y)dy, 
0 
i s Ro , p rovided that y < ^ • 
EXAMPLE TO COROLLARY ( l ) 
On taking f ( x ) = x e , we g e t 
i-V 'b^ X 2^ i^ V -^ -^l 
g(x) = x e / y ( x - y ) dy, 
0 
On s u b s t i t u t i n g y = x Sin O. 
2 
"^ •^  ' i ' ' n/2 "^"^  ^ "2^-^ 
g(x) = X e / Sin 0 Cos 0 d0. 
0 
^^x+l FiJ -n •^ •^ 2 "2'' 
s= . X e 
2PS)+1 V^i -ix^ 
^ 2 ) Hence we find that x e i s R^ fo r V > - 1 , 
which v e r i f i e s the r e s u l t . 
2.5 COROLLARY 2. 
^^ ^/2- 1^ /2-1 
On taking l|J(S) = (S + S ) we find th^t 
(v'/2-n/2+^) 1 
P(x) IS a constant multiple of x J, i V^^j, 
V^/2-^/2-i 2 
provided that \i < V + 2 , We g e t the fo l lowing r e s u l t . 
If f (x) be R , then the func t ion 
i_S) X ^^4 2 2'^/2-^^/24 
g(x) =x2 / y (x-y) V^/24^^''•^^'^ '^ ^^ '^  
i s R^ , where \i <V+2 . 
: 11 : 
EXAMPLE TO QOROLLORY 2 . 
1 
On tak ing f (x) = x , 
we g e t 
i-^x i^ 2 2^/2-^/24 2 , 2 1 ^ 1 g(x) = x^ / y (x - y ) J .,^ ,^ 1 (^x -^y ) dy . 
0 v / 2 - ^ / 2 - ^ 
On e v a l u a t i o n , we a r r i v e a t the R^ f u n c t i o n 
x i F 2 C ^ / 2 - | + l , "^ - yi/4 4 | , V/2-VX/4 + |- , - f^) ^ 
provided t h a t ^ <V+ 2 . 
f 1 
The wel l known R f u n c t i o n s x J , (^x ) and 
5/2 2 ^ 
X J , . (•^x ) fo l lows as p a r t i c u l a r c a se s of the above example,on 
- V 2*^ 
tak ing IA = 1 and n = - 1 r e s p e c t i v e l y , 
2 . 6 COROLLARY 3 . 
i _i 2^-2V 
On t ak ing ^(S) = V | ( ^ ) .(S^ + S ^) 
we f ind t h a t 
V-H-l ix 
P(x) = x e"^  D . (Vx)» 
2^-2V - 1 
provided t h a t ji < V • 
Hence if f(x} be K\L then t h e func t ion 
: 12 : 
g(x) = x^V / ^ UW'^"" e'"''-^ '' 0^_^_,i/7T^m.).y 
i s R-J » where vi < V , 
EXAMPLE TO COROLLORY 3 . 
4 
On t a k i n g f (x ) = x » we f ind t h a t 
2 2 
4-V X VI 2 2 y-u- i i (x -Y ) 
g( x) = x^ ; y (X - y ) e^ D ( 
0 2^-21/-1 
E v a l u a t i n g t h i s , we g e t 
n.v-2 v-vi4 [ r ^ V2 
r2~T 
Yx -y )dy . 
g(x) = r ( ^ ) 2 -^-2 2-2> 
^V-m V-Vi-4i I 
X F 
2 V^ i, v-H TTi-l+i) 
2F2(v^-ii-4»"^-tA+i»|.^-^+i; I ) 
which is R^ , for -1 < n < V. ^ = 0, reduces this example to 
1, 
.4 ' e D ^ ( x ) , which i s R^ , for V > 0 , a we l l 
- 2 ^ 
known r e s u l t g iven by Verma* R . S . [ 4 4 ] , 
2*7 THEOREM 1(B) » 
On p u t t i n g n = 2 in theorem ( 1 ) , we find t h a t if f (x) 
be R , then f u n c t i o n 
i - V X li+i 2 2 5 
g(x) = x^ / y ^ P ( s - y ) f (y )dy ( 2 . 7 . 1 ) 
: 13 : 
i s fU^  , where 
P ( x ) = 5 j ^ / ® ^ l|l(S)dS, i f X > 0 
k—ioo 
2 
= 0 if X < 0 
(2 .7 ,2) 
provided t h a t \l)(S) = \ll( |) . 
Now 
2 
, k+ioo i x . s H/2-V/2 
P(x) = 7 ^ / e^ S llJ(S)dS, 
1 . X r ^ k+ioo -1^'^ 4^^^^^ X 
l - ' i^ 2Tti k-ioo 
X 
/ e S lil(S)dS ( 2 . 7 . 3 ) 
where }^ = V-vi-1. 
7~ A , 
Hence P(x) = F ( x ) / x , where ; \ = y - t i - 1 and F \ (x) 
i s a f u n c t i o n s e l f r e c i p r o c a l f o r J - t r a n s f o r m . 
Taking P( x) - x F ( x) , 
y - ^ - l 
We g e t : 
2 . 8 THEOREM 2 . 
The f u n c t i o n 
i - V X n + i 2 2 • / / 2 - t ^ / 2 - | 2 2 i 
g(x) = x^ / y 2 ( x - y ) .F (x - y ) F ( y ) d y 
0 y-n-1 n 
( 2 . 8 . 1 ) 
: 14 : 
i s Ro , where - 1 < jji <'^ and Fx f v'l ^^^ ^^^ meaning ass igned 
above. 
EXAMPLE. , ^2 
On t ak ing F ( X ) = x e and 
2 2 4 2 2 4 
F (x - y )'^ = (x - y ) , 
we have 
f V X 2^-.l 2 2^/2-t^/2-l 4 ^ 
g ( x ) = X / y (X - y ) e dy, 
0 
which gives on eva lua t ion , the R ;^ function 
ri^/2^\i/2) r (n+i ) "^^  , ,, 2 
- — — ^ . X , F , (n+1 ; \x/2 + V//2 + 1 ; _ I ) 
given by B r i j Mohan [10] . 
2 .9 THEOREM 3 . 
If f (x ) be R , then the func t ion 
^ " ^ « i-ix C 2 2 n ) 
g(x) = X / y^ P< (y -X ) j f (y )dy ( 2 . 9 . 1 ) 
i s R , where / "^ e " ^ ' " ' ^ ' " P( z)dz = ^ S " ^ C s ) , ( 2 . 9 . 2 ) 
provided t h a t 
lll(S) = ^{h, V> - 1, VI > - 1 . 
: 15 : 
2 .10 THEOREM 3(a ) 
On t ak ing n = 1 , we f ind t h a t i f f (x ) be R , then the 
func t ion 
V+2 oo i - u 2 2 
g(x) = X / ~ y2 P(y -X ) f (y )dy ( 2 . 1 0 . 1 ) 
i s Kjf where 
/ e P ( z )dz = 2 S llJ(S), ( 2 . 1 0 . 2 ) 
0 
provided t h a t l|l(S) = (|J(^) . 
2 .11 COROLLORY 1 . 
t i / 2 - V / 2 - l 
On t a k i a g P(z) = z i n ( 2 . 1 0 . 2 ) and then e v a l u a t i n g 
the r e s u l t . 
We f ind t h a t 
KI/2-V/2-1 
iij(s) = 2 r ( ^ / 2 - y / 2 ) , 
which satisfies (1,2.8). 
Hence, on putting this value of P(z) in (2.10.1) we find that: 
If f(x) be R then the function 
"^4 r* "T^ * 2 2 ^ i/2-V/2-l 
g(x) = X ^ / y^ (y -X ) f(y)dy 
X 
is R . , where n < y. 
: 16 t 
This result has been proved by different method by Bailey [4] 
and Brij Mohan tS]. 
2.12 COROLLARY 2 
On taking 
P(z) = z 
nc-1 
l^ n 
n -t 
n^- S ^ -^' =^' _n-l. n • ^ ^ ' 
and evaluat ing ( 2 . 1 0 . 2 ) , we f ind that 
u V nc-1 n -n ^ - - -2c 
liJ(S) = 2 r C n c ) (S +S ) ' ' " 
which s a t i s f i e s ( 1 . 2 . 8 ) . 
Hence putt ing t h i s value of P( z) in ( 2 . 1 0 . 1 ) , we f ind t h a t : 
If f (x) be R then the funct ion 
v/-»-i oo 7^ 2 2 nc-1 
g(x) = X 2 ; y-^  (y -X ) F^ 
0 
i s Ry, where no > 0, 
-V- t + 2c ; c . c + i , 
^ ^^ n • ^ 2n ^ f(y)ciy 
EXAMPLE TO COROLLARY 2 . 
On taking f ( x ) = x , we have 
^ + ^ oo -^ 2 2 nc-1 nj 
g(x) - y^ ^ S y {y ^x ) " ' ^ 1 ^  - -^  + 2c, c, c4^, — »c+-ir' 
T- T-/^ 1 X V - ^ + 2 n c - | 
Tnc I (^ •*• n "^^^ 
2r(^/24) ^^ " 
2 2 
• - X 
2n 
2 c W / n - ^; c+1 - fe- i - , 
^ 2n ' dy 
n' 2n 2n' 
2 n 
«-^-fe-fR =« - fe-^K^".-'is' 
: 17 : 
which i s R , forV'> - 1 and 0 < nc < ^ + ^ . 
11 I V 
If n = 2 and c = z "•• Z ~ 2* reduces t h i s to the well known 
Q / 1 2 
R^ , function x- JvV2 ^'!I ^ ^ * 
whe re ")/ > 0. 
2.13 THEOREM 3(b) 
On t ak ing n = 2 , and \x =~^ + yr, we f ind t h a t : 
then the f u n c t i o n If f (x) be R^+ | , 
V + i oo vv^-1 2 2 
g(x) = x' ^ / y P(Vy -X ) f ( y ) d y ( 2 . 1 3 . 1 ) 
i s R^ > where 
1,2^2 3 
/ e ^ z (P (z )dz = S li)(S), ( 2 . 1 3 . 2 ) 
0 
provided t h a t l|l(S) = l |j( |) . 
On tak ing S « VIA in ( 2 . 1 3 . 2 ) , We f ind t h a t 
1,2,, 3 
S e z P(z)dz = u 0 (1 (0 ) , ( 2 . 1 3 . 3 ) 
0 ^ 
W h e r e ^ ( ( u ) = llKVu) = (JJ ( - ^ ) ^^CC^) ' 
Yu 
Hence us ing the r e s u l t given by Hardy and Ti tchmarsh [2c] , 
we f ind t h a t the func t ion P(z) i s R , i . e . 
P (z ) = F i ( z ) , 
'1 
: 1 8 X 
where Fy(z) is a function s e l f - r e c i p r o c a l for Jv - transforms. 
Hence we get -
2 .14 THEOREM 4 
The funct ion 
V-4 CO - l / - l 
g U ) = X / y F^ ( f y ^ ) F 1 (y)dy 
2 ^"^ 
(2.14.1) 
i s R^ , where V> ~ 1» ^nd Fx (z) has meaning assigned above. 
EXAMPLE TO THEOREM 4 
Cn taking 
F^dl'y^-x^) = (y2-x2) nc ^ -
1 
5 
l^n n 2n ' 2n 2n ' 
^n ^n ^ an ^  ^>.3(y^=y"'y 
On evaluat ing g( x) , we g e t the Ri) f unc t ion 
2>- l . 
I'^n n " ^ » n -^  " 5?r ~ 4n ' n •*" -^  " ^ "" 4n ' 
'^  n ^ ^ 2n 4n ' ^ ^ ^ 
where - •^  < ^  < v'/2 + ^  and n is a positive integer greater 2 ^/»^ - / ' • 4 
than or equal to 1. 
: 19 : 
On tak ing 
n = 2 and A = 4 ~ 2 9^^®^ ^^^ viell known x ^^/2 ^2 '^  ^ ' 
3 V 
where 1 <V< 9 / 2 , and n = 2 and ^ = ^ - ^ g i v e s another 
known r e s u l t , 
"n 1 2 
^ JV/2 ( 5 ^ )» 
which is R-i; for 0 <V< 5 / 2 . 
2 . 1 5 THEOREM 5 
If f (x ) be R then the func t ion 
\^-4 X i - n 0 9 - ^ 
g(x) = X ^ / y^ P ( x - y ^ ) " f (y )dy ( 2 . 1 5 . 1 ) 
0 2 /n , n 
^z n-1 o v'-L X xz n - i p v-tx 
i s R^ , where / e ' ' z P(z) = -^  S lll(S) ( 2 . 1 5 . 2 ) 
0 " 
provided t h a t liJ(S) = l^^ Ci) . 
2.16 THEOREM 6 
If f (x) be R then the function 
g(x) = X S Y P\(x2+y^)"jf(y)dy (2.16.1) 
is R^ , where 
-^z^s^ n-1 2 2 9 -'^^s^ '^ -^ ^ 
L, ^ z (z^-x^) P(z)dz = I e S liJ(S), 
^2/n 
(2.16.2) 
provided that llJ(S) = I1J(|) • 
-0-0-0-0-0-0-
CHAPTER III 
ON GENERALIZATION OF HANKEL TRANSFORM AND SELF RECIPROCAL 
FUNCTIONS 
3 .1 Roop Nara in in the yea r 1956-57 [ 2 8 ] , whi le dea l ing with 
c e r t a i n new p r o p e r t i e s of g e n e r a l i z e d Laplace t ransform due to 
Verma [ 4 5 ] , has come a c r o s s the func t ion 
X 
^ r ( 2 m ) r ( V + | + n i - k ) 
(x) = 
V,ic,m T-C^-Jc+in) "pCV+l+tn+m) l-2m, y+l+m+m 
; - X 
2m 
T ( - 2 m ) T ( V + | + 3 m - k ) x 
T ( 5 - k - m ) 'F(v ' - l+3m+m) ^ ^ 
1 T 
^+k+m, V+^+3m-k 
l+2m, V+i+^m+m 
- X • • • • t « ^ J > J L > X y 
which we can e x p r e s s in terms of M e i j e r ' s G-func t ion as 
- V 2 , 1 
V (x ) = X G2 4 IX 
k-m-^,V-k+m-»-|' 
y , l/+2m-2m,0 
t • • • • • \ S m ^ m £m) 
\Mnere -V. ( x) = 0( x - ) , 
/ ^ y , k , m 
for small x, and from the asympto t ic behaviour 
: 21 : 
2^3 ?v!'j,fi^  'j rJ ^x 
i(a+p-V-5'-£+ h 
+ B^ -H C^ for 
large x; of 2^3* ^^^ ^^ fo l l ows t h a t 
-A 
r^ ^ (x ) = 0 (x ) , 
1 1 1 '^  
for l a rge x, where )^ = ^( V^+2) , 2''"* "^"^  °^ V-t^+m-k. 
This f u n c t i o n s a t i s f i e s the p r o p e r t y of being a symmetrical 
Fourier kerne l . 
In a fore - sa id paper the au thor has proved the fo l lowing 
theorem: 
00 V - ^ 2 2 
If g ( t ) = ^ / * ( t y ) rV { ^ ) f { Y ) d Y ( 3 . 1 . 3 ) 
2 0 i/»k,m 
v.^ 2 2 
then f ( t ) = « - 4 * / (^y) o r ( • V ^ ) 9 ( y ) c l y , ( 3 . 1 . 4 ) 
provided t h a t I^(V+iJ.4in^ > 0» ^(j^+i) > 0» S"^ *^  2m i s not an 
in teger or z e r o . In terms of Me i j e r G-funct ion the kernel in the 
above theorem takes the e q u i v a l e n t form: 
H 
2 A V , k , m 4 
2 2 
= 2^ G 
1 2 1 / 2 2 
2,4 
V 1 V 3 
k - m - | - ^ , -k+m+^+^ 
•^^f ^ + 2 •'2'"' — 2 ' 4 " r 2 7 
: ?2 : 
3 . 2 CERTAIN PAIRS OFpC^/.k^m "TRANSFORM; 
( i ) The f u n c t i o n 
X and 
x^^"^ r C ^ +l+n>-k) P f ( ^ ^ +mim) 
are a p a i r o fV 
AT;,k,m 
R > 0 and - 2 < R 
( V+l+2m+2m+n) 
- t r a n s f o r m , provided t h a t 
( V+2m-2k-nx) 
< 0 . 
The g e n e r a l i z e d P a r s e v a l - G o l d s t e i n theorem s t a t e s t h a t ; 
I f J ( s ) = W[f ( t ) $ k , m ] 
^ 1 1 
and 5 ( s ) = W[f ( t ) ; k , m ] , 
2 2 
then 
/ f (t) $ (t) 1^  
0 1 2 ^ 
d t / J (t) f (t) f i , 
0 1 2 ^ 
• • • • • •\>5»4i»x) 
where 5 ( s) = W[f(t)5 k,m] 
s / (St) 
0 
e W ( S t ) f ( t ) d t 
k,m 
• t • • • \ ^ • ^ 9 £m) 
Making use of t h i s theorem the au thor has a r r i v e d a t the 
t ransform p a i r s as given below: 
v'+2m+i 
t '^  K ( a t ) and 
, 2m 
V+2m 1-2 k , -, 
2 a p (V+~k+2m+m) 
V ^ 2 k + 2 m ] - ( V+2-2k+2m) 
2^1 
'J 
y f •^  -k+2m+m 
V^2-2k+2m 
- a 
: 23 : 
-transform, provided R > 0 is a pair ofr/ 
A'V.'^*"* (i;+l+2m+2m) 
and R > 0 . 
(a) 
When k+m = ^ , t hese f u n c t i o n s reduce to a known p a i r of 
Hanke l - t r ans fo rms ( [ 1 3 ] , p . 6 3 ) . 
y+2m- l - 4 a t ( i i ) t e '^  W , ( a t ) and 
2k-5,2m 
V+2m+2k-l >f-| 2 2 / ^ 
' 3 * ^\h 
0 , -2m, X^-k+m 
V-|+2m, V - | . k-m-| 
i s a p a i r o f ^ - t r a n s f o r m , provided R > 0 and 
A'7/»lc,ra (a) 
R , > 0 . 
(V +i+2m+2m) 
When k+m = " j , t he se f u n c t i o n reduce to a known p a i r of 
Hankel t r ans fo rms ( [ 5 l ] , p . 2 9 ) , V iz ; 
V-i -at ^ V i^ _ 2 2 -^4 
t e and - ^ t F ( V+5) ( t +a ) 
provided t h a t R > 0 and R , > 0 . 
(a) ( l /4) 
: 24 I 
3.3 Following the same procedure l a id down by Hardy and 
Titchraarsh, the author determined the condi t ions under which 
a function f(x) can be i t s own'V - transform that i s 
when f{k) caht>ea so lut ion of the in t eg ra l equat ion. 
oo V 4 2 2 
f(x) = 4 T / ( x y ) ^ ( ^ ) f(y)dy (3 .3 .1 ) 
^ 0 /^V,k,m 
in which case f(x) Is self reciprocal in'y -transform. 
Such a function is said to be R^(k,m) i.e. self reciprocal 
in theV -transform. The result is given in the form of 
^V^k,m 
following theorem. 
3.4 THEOREM It 
A necessary and su f f i c i en t condit ion tha t a function 
f(x) of A(a,a) be R^(k,m) i s t ha t i t should be of the 
form 
, c + i - b ^^ •^/2+s/2+i4-m±m) 
c-ioo •p(V/2+|+|-fm-k) 
where ijr(s) i s regu la r , s a t i s f i e s the equation (1 .2 .2 [a ] ) 
in the s t r i p (1 .2 .3 ) and ( 1 . 2 . 4 ) . 
: 25 : 
The proof fo l lows as in the cor responding theorem on 
Hanke l - t rans form ( [ 4 2 ] , p . 2 5 2 ) . 
EXAMPLE 
In d i r e c t use of above theorem i s made and i t i s shown 
t h a t the f u n c t i o n 
n+2,n / 
p+l ,p+2 ' ^ 
V 3 
a^ ^ ' ^ p ' 2 •*• ? •*• " ^ ^ 
2 * %' 2 t "*' 2 ~ ^1 ' 2 " ' p 
i s R^(lc»m) under the c o n d i t i o n s , 2n > p - 2» " 1 P» 
R > 0 R . p s > 0 , j = l n . 
(V +l+2m+2m) (V 4—23 j+2m+2m) 
iome !<novm p a r t i c u l a r case fo r the cor respond ing Hanke l - t rans form 
are ob ta ined as p a r t i c u l a r c a s e s of t h i s r e s u l t . 
Some r u l e s connec t ing d i f f e r e n t c l a s s e s of s e l f -
r e c i p r o c a l f u n c t i o n s are g iven below. The proofs of these 
r e s u l t s are s i m i l a r to co r re spond ing r u l e s on Hankel t ransform 
( [ 4 2 ] , p . 2 6 8 - 2 7 0 ) . 
3 .5 RULE 1; 
If f (x) i s R,;(k,nj) and 
: 26 : 
, c+ioo T^{^^^^tn±m) "FCI + I + 1 -H n ± n;) 
x"^(S) x "^ dS, 
where 
then 
w(S) = w ( l - S ) , 
g(x) = / f (y ) K(xy)dy 
0 
( 3 . 5 . 1 ) 
i s R 
\i-iitn) 
tXAMPLc 
Using t h i s r u l e i t has been shown t h a t the kernel 
V . 3 . __^^ \L ^ 1 + ^_x 2 + 4 + f" 2 ^ 4 
l^iVi^^'"'^-^-^-2 ^ 4 
transforms f^v;(k,m) into R (Ji,n) . 
Other kernel transforming an Fl^ (k,n») into R (k,m) 
is obtained ir the form 
'*^  %ji4 , K, J^ 
2 
X ) 
; 27 : 
3.6 RULE 2 
If f(x) i s R^(k,in) and 
+ico F ( ^ + I + i "^'"i'"^ F (^ - f + I +n+n) 
K(x) = 5 ^ / 
c-i« n ^ + f - ^ l ^nv-k) r ( ^ - f ^ 1 + n > t ) 
X w(S) X dS, 
where w(S) s a t i s f i e s the r e l a t i o n 
'w(S) = w( l -S) , then 
oo 
g(x) = i / f(y) K(y/x)dy, (3 .6 .1) 
i s R 
V^itm) 
EXAMPLE: 
Taking w(S) = ^ and us ing the Me l l i n t ransform 
^ 1 ' ' ^p 
1 ' ' q 
G IX 
P»q 
is 
t n 
I 7~(^i+s) ^ ( l - a . - s ) 
J = 1 j= l 
— — — — — — — — — — — . _ — _ > — _ _ _ _ J 
q P 
I " r~( l -b . -s ) I (a .+ s) 
j = +1 ^ j =n+l J 
P+q < 2( t + n ) , 0 1 £ < q, 0 £ n £ p, 
: 28 : 
- min R < R 
(bj) (s) 
< 1 - max R , j = 1, 
4 2' 4 2 2 • 4 m-k 
^ i + i , 1 + 1 + 2m, . i - ^ - n + 2 . 2 " 4 ' 2 " 4 4 2 
as a kernel transforming a R . (k,m) into Ry;{Jl,n) . 
3.7 RULE 3 
If f (x) is Rj/(k,iD) and i<( x) satisfies the 
relation 
xK(x) = K(i) 
then g(x) =i/f(y) K(y/x)cly 
^ 0 
(3.7.1) 
(3.7.2) 
is also R^ (k,jB). 
EXAMPLES 
i(ap-l) -a -p 
( i) Let K(x) = x"" (1 + x ) . Then if f ( x) is 
i(aP-l) oo 2^ ^ ' a a 
g(x)=/(xy) (x +y )f(y)dy is also R^( k,m) 0 u\ f ' 
: 29 : 
1 
(ii) Let K(x) = x F( x) , where F{x) = F(i) . 
Then, if R^/(k,m)» so is 
1 
'1 
g(x) = / (xy) F(y/x)f(y)dy. 
0 
Taking f(y) = y e W (^  y ) , which is R-^ (lc,ra)' 
We get 
, 2 2 
V+2m-5 ^ y+2m-l - ^ w .x 2 2 
g(x) = X / w e W ( | w X ) F(w)dw, 
0 k,ni 
to be a RJ(k,m) f u n c t i o n , i f F(w) = F(^) . 
3 . 8 THEOREM 2; 
Let ( i ) f ( t ) be con t inuous in (0,oo), R 2 s > 0 , 
( s ) o 
( i i ) the g e n e r a l i z e d Laplace t r ans fo rm of | f ( t ) | , 
and ( i i i ) the g e n e r a l i z e d Hankel t rans form of 
I 3 2 
| t ^ f ( i t ) | ex i s t . 
Then, a necessary and sufficient condition for t f(«t ) 
to be R^ Ck.<yr.s^  is that 
1-V , 
(t)(S) = S (i)(i), (3.8.1) 
where (t)(S) = W [ f ( t ) ; k , m ] . 
: 30 : 
EXAMPLE 
Let ^{S) = G 
2 , 2 / , 
3,3 
0 , -2m, ^ - k + m 4-^ 
V+ 2m, V » k-m - •^  
Th i s s a t i s f i e s ( 3 . 8 . 1 ) , then by ( [ l 2 8 ] , p.282, [ 3 . 3 ] ) , 
v/-™-^ -^t 
f ( t ) = t W ( t ) . 
k,m 2 
y+2m- i 4 
Hence the function t 
2 4 , 2 
e W (i t ) is Ry(k,m)-
k,m 
3.9 THEOREM 3 
1--0 
Let (i) f(t) and t f(i) be continuous in (0,oo) , 
(ii) the generalized Laplace transform of | f(t) | 
ndO^ -transform of |t (j)(^  t )| exists. 
R > s^ > 0 and R , > 0. 
(s) ° (t/+l+2m+2m) 
y-i '2 , 2 
Then a necessary and sufficient condition for t (j)(-^  t ) 
to be R^(lc,m) is that 
V-1 , 
f(t) = t f(i) 
where (j)(S) = W[f(t);k,m]. 
(3.9.1) 
: 31 
EXAMPLE 
Let f ( t ) = G I t 
n,n ^ - a . ,l) - a n 
This s a t i s f i e s ( 3 . 9 . 1 ) . Now [ l 3 ] 
(t)(s) = G 
n+2,n+1 
-2m, 0 , a^, 
n 
•^- a^, »i) -an» k-m-^ 
provided R > 0 , j = 1, , . | a rg s | <(2j?-n)Ti 
(\/+l-aj+m+m) 
and 4n > 4^> 2n+l. By the above theorem, 
we obtain 
^-5 £,^2 ,2 
t G ^ 2 
n+2,n+1 t 
-2m, 0, aj^ , , a^^ 
l/- a, , , V-a , k-m- ^  
as a R-j/(-(,m) function, provided that R > 0, 
^ 0 +l+2m+2m) 
R , > 0 and n 2 ^ > ^  n + ^ • 
(V+l-a^+m+m) '^  "^ 
\ie may write th i s function as 
-^1 M'^ A .2 t " G 
n+1 ,n+2 
1 - V + a ^ , . . . . , 1-V+a^, -^  - k+m 
l+2m, 1 , 1 - a , , . . . . , 1 - a 
: 32 : 
3 . 1 0 PROPERTY 
Roop N a r a i n [ 2 8 ] h a s shown t h a t 
\/+2m - | 
X e "^  W , 
2 k - | , 2 m ( x ) 
i s a k e r n e l t r a n s f o r m i n g an R^ (k, in) if^to R (k ,m) ^nd 
'' V+1 
v i c e - v e r s a , i . e . i f t h e f u n c t i o n f ( x ) i s R^ (k ,m) [R i ( k , i n ) ] 
t h e n , 
V+2m - ^ 
g ( x ) = / (xy ) e ^ W , ( x y ) f ( y ) c i y , ( 3 . 1 C . 1 ) 
0 2 k - | m 
i s R , (i<,m) [Rv)(k,ffl)]. 
V+1 
From t h i s we deduce t h a t 
2 / (xy) e ^ W ^ ( x y ) f ( y ) d y = g( x) , s a y ; 
0 2 k - ^ , 2 m ( 3 . 1 0 . 2 ) 
i s Rj^  o r R , 
2('<»ni) - ^ ( k , m ) 
L e t us suppose t h a t f , ( x ) i s R , and f o( x) 
^ - | ( k , m ) 2 
i s R, , t h e n by ( 3 . 1 0 . 2 ) 
^ ( k , m ) 
2m4 -¥• 
ee 2 2 
/ (^y) e W , ( x y ) f ( y ) d y = g , ( x ) , s a y ; 
0 2 k - ^ , 2 m 1 ^ 
( 3 . 1 0 . 3 ) 
i s Ri and 
^ ( k , m ) 
: 33 : 
/ (xy) ^ e "^ W , (xy)fp(y)dy = g ( x) , say 
0 2k-^,2m 
(3.10.4) 
is R 1 
-^(k.m) 
Comparing (3.10.3) and (3.10.4) and (1.3.2), 
we observe that 
s g^(s) = W[f^( t); 2k - -^  , 2m] (3.10.5) 
s 92(8) = W[f2 ( t ) i 2k - | , 2 m ] ( 3 . 1 0 . 6 ) 
Applying the g e n e r a l i z e d P a r s e v a l - G o l d s t e i n ' s formula ( 3 . 2 . 1 ) 
to t h e s e , we o b t a i n 
/ f , ( u ) qAu) du = / f^(u) g , (u )du ( 3 . 1 0 . 7 ) 
0 0 
provided that the two integral are absolutely convergent. 
Here f •, ( x) and g2(x) are R , and f2( x) 
- 2 (l<.ni) 
and g , (x ) a re R , 
^ 4^1<,m) 
We have t h i s proved t h a t the i n t e g r a l of the product 
of two R , f unc t ion e q u a l s and the i n t e g r a l of t h e 
- | ( l < , n i ) 
produc t of two Rj^  f u n c t i o n s , provided t h a t 
^( k,m) 
: 34 : 
( i ) One f u n c t i o n i s e a c h p r o ' i u c t I s the g e n e r a l i z e d L a p l a c e 
t ran=; form, in a c c o r d a n c e w i t h the e q u a t i o n s ( 3 . 1 0 . 5 ) and 
^ 3 . 1 0 . 6 ) of a f u n c t i o n of t h e o t h e r p r o d u c t and 
( i i ) t he i n t e g r a l s i n v o l v e d a r e a b s o l u t e l y c o n v e r g e n t . 
COROLLARY; 
P u t t i n g k+m = ^ , we g e t the f o l l o w i n g r e s u l t due t o 
Rao ( [ 3 3 ] , p - 5 2 ) . 
The i n t e g r a l of t h e p r o d u c t of two f u n c t i o n s s e l f -
r e c i p r o c a l i n t h e s i n e t r a n s f o r m , p r o v i d e d t h a t 
( i ) One f u n c t i o n i n e a c h p r o d u c t i s t h e L a p l a c e t r a n s f o r m 
of a f u n c t i o n of the o t h e r p r o d u c t ; 
and ( i i ) t he i n t e g r a l s i n v o l v e d a r e a b s o l u t e l y c o n v e r g e n t . 
_1 
The author verifies this theorem by taking f.(x) = x , 
.-.-^icn is R , and 
-^(k,m) 
2m-1 -x" 
f^(x) = X e ^ W 2 , which is R , ; 
k,m(|-) -^(k,m) 
2m-^ -2 -2 
gi(x) =/(xy) e W , (xy)y dy (3.12.1) 
0 2k-^,2m 
^^"2 2m-l -y^/4 2 
g2(x) = / (xy) W 1 (xy) y e W (^)dy. 
0 2k-i,2m k,m ^ 
(3.12.2) 
: 35 : 
which on e v a l u a t i o n give 
F (4m+1) — 
g i ( x ) = ri, R(l+8m) > 0 
T~'(2m-2k+ | ) 
and 
2k+3m- I 42 / ^ 
45 
x_ 
2 
\ 
( 3 . 1 2 , 3 ) 
l , l -2m,2-k+m, 1-k+m 
1, ^ , l+2m, I + 2m, I +k-m^ 
( 3 . 1 2 . 4 ) 
R(l+4m) > 0 and R(H-8m) > 0 . 
S u b s t i t u t i n g tha value of fj^(x), gj_( x) , f 2( x) and g2( x) from 
the above and evaluating-' the i n t e g r a l s 
/ g , ( x ) f5 (x )dx and / g^( x) f , ( x ) d x 
0 0 
It is found that both above integrals have the same value, 
namely 
m - l 2 "^  T^  r ^ Tr2m4) r ( ^m-^ ) 
F(2in-2k-h^) • r (m-k+ | ) 
f o i H(l+8m) > 0 , 
v/hich v a r i f i e s the r e s u l t ( 3 . 1 C . 7 ) . 
- 0 - 0 - 0 - 0 - 0 - 0 - 0 - 0 -
CHAPTER-IV 
SELF RECIPROCAL FUNCTIONS WITH MEIJER'S G-FUNCTION AS 
SYMMETRICAL FOURIER KERNEL 
4 . 1 In an earlier paper Hapoor and Masood [ 2 2 ] have proved 
the theorem: 
/ 
oo m, n 
4)(s) = / G 0 p , q 
asK^ 
^ 
b ^ . b g , . . 
. . . , a p 
. . . . b 
,f( t ) d t , 
( 4 . 1 . 1 ) 
t h e n 
X c+ioo 
C~loo 
q 
,1=m-H 
k-1 l-k> 
i=n+l 
^ ^ 
1-k - k - k t / s (t)(s)ds.dk ( 4 . 1 . 2 ) 
u n d e r s u i t a b l e c o n d i t i o n s s t a t e d t h e r e i n . 
From ( 4 . 1 . 2 ) , on i n v e r t i n g t h e o r d e r of i n t e g r a t i n g , 
1-k, 
process which is easily justifiable, we have 
V r^ ^ ^ F(l-b, + ^ ) % (a.+ ^ ) 
f(t) = >, r^(s)/ - -^ : l=n.^  -J" 
j=l J /^  j=l J /^  
X ^ (st) dk.ds 
a 
(4.1.3) 
: 37 : 
under c e r t a i n r e s t r i c t i o n s the inner i n t e g r a l in ( 4 . 1 . 3 ) can be 
expressed as M e i j e r ' s G- func t ion , so t h a t ( 4 . 1 . 1 ) and ( 4 . 1 . 3 ) 
t o g e t h e r form a p a i r of r e c i p r o c a l i n t e g r a l e q u a t i o n s . 
4 . 2 On r e p l a c i n g p and q by 2p and 2q r e s p e c t i v e l y 
and s u b s t i t u t i n g q for m and p for n, making a l i t t l e 
s i m p l i f i c a t i o n and us ing the r e s u l t of E r d e l y i ( [ l 4 ] , p , 2 0 3 ) , 
( 4 . 1 . 1 ) and ( 4 . 1 . 3 ) reduce to 
(t)(s) = J5 G qfP 
2p ,2q 
a s t 
^ 1 ' ^2 * 
bj^,b2, 
and 
T 2 oo q,p / ^ y^ 
f ( t ) = a ^ > / G l a s t 
0 2p ,2q 
f( t ) d t 
( 4 . 2 . 1 ) 
^ 4 - (Vl ,2q) ' 1-X-^V 
( t ) (s)d< ( 4 . 2 „ 2 ) 
r e s p e c t i v e l y , where ( a^) = aj^, 82 a^ and 
^ ^ r + l , t ^ " \ + l ' ^ r+2 ' ' f 
1 
Consequently, on replacing f(t) by ^a ' f( t) in (4.2.1) 
and (4.2.2) and assuming . 
1 
i^ ^ Vi = ' •* 7.' '"' 'j " Vj ov s.isr^ ^2HB ^^ 
'^t 
ACC No. 'i^ 
: 38 : 
for i = 1 , 2 , 3 , p , and j = 1 , 2 , 3 , q, we f i n a l l y 
a r r i v e a t the f o l l o w i n g : 
If (t)(s) = / K ( s t ) f ( t ) c l t , 
0 
then 
f ( t ) = / K(st) (l)(s)ds, 
0 
1 
Where K(x) = x a G ( a x 
^ 2p ,2q 
( a p ) , 1 
(b ) , 1 
1 
J 
1 
(ap) 
<V 
( 4 . 2 , 3 ) 
( 4 . 2 . 4 ) 
( 4 , 2 . 5 ) 
From t h i s i t fo l lows t h a t func t ion K(x) as given by 
( 4 . 2 , 5 ) i s a synunetrical F o u r i e r k e r n e l . 
This r e s u l t t akes the form, which has o the rwise been 
ob ta ined by F o x [ l 6 ] by an e n t i r e l y d i f f e r e n t p r o c e s s , 
1 
on tak ing X = "^  ^^^ a'^ = k. 
I t i s easy to deduce Ti tchmarsh ( [ 4 2 ] , p.220) thatVTKTpx) 
and -^ X K( X ) are a l so synmet r i ca l F o u r i e r kerne l 
where K( x) i s g iven by ( 4 . 2 . 5 ) . 
A TRANSFORM PAIR; 
From ( 4 . 2 . 3 ) , ( 4 . 2 , 4 ) and ( 4 . 2 . 5 ) we o b t a i n , making use 
of a known r e s u l t of E r d e l y i ( [ 1 5 ] , p.237) the fo l lowing p a i r 
of the G- t rans fo rm. 
: 39 : 
'•4 
an dA 
l i - j 
where 
- min R e ( b ) < R e ( ^ + ^ ) < -^  - max R e ( a . ) 
4 . 3 In t h i s s e c t i o n s e l f - r e c i p r o c a l f u n c t i o n a s s o c i a t e d 
w i t h K( x) a s g i v e n by ( 4 . 2 . 5 ) a r e r e d u c e d . 
I f 
f ( x ) = / - < ( x y ) f ( y ) d y , 
0 
( 4 . 3 . 1 ) 
t h e n f ( x ) i s s a i d t o be t h e s e l f - r e c i p r o c a l f u n c t i o n f o r t h e 
k e r n e l K( x ) . 
L e t F ( s ) be the M e l l i n t r a n s f o r m of f ( x ) then 
«o S—1 
F ( s ) = / x f ( x ) d s , 
0 
^ « s - 1 oo q , p I . 
> a / X / G a x ^ y ^ 
0 0 2 p , 2 q 
( s = a + i t ) 
'V- '-J- (V 
f ( y)dy .dx 
Xa^/"f (y)dy f X G"^'^ (a x^y^ 
' 0 0 2 p , 2 q 
< v • ^ - - > - ' = p ^ 
q > ' q' 
dx 
/ 
: 40 : 
l - 2 s 
a / y f (y )dy / \i 
0 0 
^ 1 
~ > q»p 
G 2p,2q 
^V'^-t 
(b ) , 1 -q ;^ 
- ^ ^P^ 
(b ) 
q 
du 
l - 2 s 
= a 
5f u r(b.+ f) ic rci-a.. 
^ ^ 1=1 '' > .1=1 i 
j S l ^ C ^ ^ b j - ^ ) ^ . ^ ( l . i - a j . i ) 
F ( l - s ) 
by using a known i n t e g r a l r e l a t i o n ( [ 2 5 ] , p . 3 2 ) , provided t h a t 
- min R e ( b . ) < R e ( | ) < 1 - max. R e ( a J . 
i<j<q i<j<p 
This i n v e r s i o n of the o r d e r of i n t e g r a t i o n can e a s i l y be 
j u s t i f i e d by De l a Va l l ee P o u s s i n ' s theorem, provided t h a t 
( 4 . 3 . 1 ) i s a b s o l u t e l y convergen t and the Me l l i n t ransform of 
I f ( x) I e x i s t . 
Now, on p u t t i n g 
F(s ) = a 
s 
j i T-(l- i - a . . P l | l ( s ) . 
we g e t the f u n c t i o n a l r e l a t i o n ( l . ^ = 2 [ a ] ) and t h e n , by M e l l i n ' s 
i n v e r s i o n formula Ti tchmarsh ( [ 4 2 ] , p . 2 5 2 ) , 
, C+ i - - h . / , r ( b j + T ) . 5 
2 - ( l - i - a . . l 
X llJ(s)ds, 
j = l 
: 41 : 
where l|j( s) s a t i s f i e s the f u n c t i o n a l r e l a t i o n ( l . 2 . 2 [ a ] ) . 
Using Ti tchmarsh ( [ 4 2 ] , p.252) fo r Hankel t r a n s f o r m , a r r i v e 
a t the f o l l r ' . ing . 
A neces sa ry and s u f f i c i e n t c o n d i t i o n t h a t a func t ion 
f (x ) of A(p,b) ( i n the same sense of ( [ 4 2 ] , p.252) be se l f -
r e c i p r o c a l fo r the kernel g i v e s in ( 4 . 2 . 5 ) i s t h a t i t should be 
of the form, 
f(x) -
2^i •'c-ic 
C+loo -
a 
- s r ( b , +4 ) 
5> 1=1 'i *-^ 
- F d - j ; - aj . ^ ) 
- s 
X l | j ( s ) H s , 
J = l 
( 4 . 3 . 2 ) 
w here ^{s) i s r e g u l a r , s a t i s f i e s the equa t i on ( 1 . 2 . 2 [ a ] ) in 
the s t r i p 
b < a < 1 - b ( 4 . 3 . 3 ) 
and ( 1 . 2 . 4 ) . 
EXAAAPLE 
The M e l l i n t ransform E r d e l y i ( [ l 3 ] , p .337) of 
i s 
m n 
JL F ( b - . + s) ji ] ~ " ( l - a . - s ) 
2=1 ^ i=l ^ 
JI T ( l - b - s ) 7L r ( a . + s ) 
j=m+l -" j=n+l -^ 
( 4 . 3 . 4 ) 
: 42 : 
Where p+q < 2 (m+n) , 0 < . m ^ q , 0 < . n < . p and 
- min Re (b . ) < Re( s) < 1 - max Re( a.) . 
l<j<m U j l n 
There fore , on app ly ing M e l l i n ' s inverse formula and t h e r e a f t e r 
2 >^  s 
r e p l a c i n g x by a x and s by ^ , we ge t 
m+q,n 
r+p,h+q 
C.,). l - i - ( a j 
(bq), (b„) 
C+loo 
c - i o o 
S r ( l - r - a.+4) a F d - b - l ) a (a.-f|) i = l A 1 A j ^ ^ ^ J A j ^ ^ ^ ^ J A 
- s 
X X 
ds 
This func t ion can be now be s e l f r e c i p r o c a l i f 
'Hs) = -1=1 - A i = l J A 
> ] L F d - b . - ^ ) 1 F ( a . + #) j=m+l -' A j=n+l -^  /^  
s a t i s f i e s the f u n c t i o n r e l a t i o n lll( s) = l i J ( l - s ) , i . e . if 
,lP ':^^ ,lP ''^r P ,lP ':M^ 4^^ '-'3-H 
u F d - b . - l ) i F ( a . + I ) ^ F d - b . 4 - ^ 1 ) It I ( a j ^ - ; | ) 
j=m+l -• A j=n+l -• ^ j=m+l ^ ^ ^ j=n+l -^  ^ 
: 43 J 
T h i s r e l a t i o n admits a s o l u t i o n i f m = n , r = h and 
a + b . = 1 - ^ , f o r j = 1 , 2 , h, Hence , we have 
n+q,n 
h+p,h+q 
a X 
\ 
( a , ) , 1 - ^ - Up) 
(V' ' - A" '^^^^  
( 4 . 3 . 5 ) 
as a s e l f r e c i p r o c a l f u n c t i o n f o r t he Kerne l K(x) g i v e n Dy 
( 4 . 2 . 5 ) . 
4 . 4 The f u n c t i o n f i x ) s a t i s f y i n g uhc i n t e g r a l e q u a t i o n 
( 4 . 3 . 1 ) , where K(x) i s t he k e r n e l g iven in ( 4 . 2 . 5 ) , s h a l l 
f o r o r e v i t y be denoted by R , i . e . s e l f - r e c i p r o c a l in 
the g e n e r a l i z e d t r a n s f o r m a s s o c i a t e d w i t h t he G - f u n c t i o n ( 4 . 2 . 5 ) 
as k e r n e l . 
L e t f ( x ) be i n t e g r a b l e i n ( 0 , - ) and the i n t e g r a l s 
i n v o l v e a e x i s t . 
RULE 1 
If 
f ( x) i s R and 
P(x ) = 2 n i ( . 
C— l o o 
1 r'- "^  I'^^'i^P dP^i'?^ 
= TT—r J a — '-^ =—= 
^iFd- i-^A) ^Fd- i-f^-
j = l > J A i = i A 1 J 
- s 
X X w ( s ) d s , ( 4 . 4 . 2 ) 
: 44 : 
Where w(S) = w(l-s) , 
then 
g(x) = / P(xy)f(y)dy 
0 
(4.4.3) 
is R 
<^-Sc)-
EXAMPLE 
and the Mellin transform, we obtain Taking w( S) = -c 
P(x) = G / a x'^  
2p ,2q 
( 4 . 4 . 4 ) 
( b q ) . ( b g ) 
as a kerne l t r ans fo rming R i n t o R and 
v i c e - v e r s a . 
RULE 2 
If 
f (x) i s R 
'^P'V 
and 
r , \ 1 ^C + ioo 
Arci-i-a.^jJ^ni-/,-^) 
- s 
X w ( s ) d s , ( 4 . 4 . 5 ) 
: 45 : 
.Vhere w( s) = w( 1-s) , 
X -Q • X' tnen g( x) = ^ / P ( ^ ) f ( y ) d y 
i s R 
( 4 . 4 . 6 ) 
EXAMPLE 
Taking w( s) = r^  
( 4 . 3 . 4 ) , we o b t a i n 
and using the Me 11 in t ransform 
p+q,p+q 
'-y ( S ^ ) , i - ^ - ( 
' V - (^p) 
( ^ . 4 . 7 ) 
as a kernel transforming R into H 
RULE 3 
If 
f ( x) i s R and P( x) s a t i s f i e s the r e l a t i o n 
X p(x) = p{h ( 4 . 4 . 8 ) 
then 
g(x) = 7 / P ( y / x ) f ( y ) d y 
0 
( 4 . 4 . 9 ) 
i s a l so R , where P(x) i s the same as in Rule 2 with 
Jr. - a^ and £ = b . P P "^ q q 
: 46 : 
EXAMPLE 
Tj( m.n-l) 
m 
-n 
Let P(x) = X (x +1) , 
Then, if f ( x) is R , so also is 
g( x) = / ( xy) 
0 
^(m.n-1) 
( X +y") f(y)ciy (4.4.10) 
4.5 PROPERTY 
Kapoor and Masood [22] gave a g e n e r a l i z a t i o n of the 
cl .Bssical Laplace t ransform 
OQ -St 
0 f ( t ) d t ( 4 . 5 . 1 ) 
in the form 
(t)(s) = / G , ( s t ) f ( t ) d t 
0 ^ 
( 4 . 5 . 2 ) 
where 
m,n / -v )\ 
G^(s t ) = G (a s'^ t 
P»q 
(ap) 
<V 
0 < m 1 q, 0 £ n ^ p , p+q < 2 (m+n) , | arg a sH < (m+n-gp-iq) , 
a > 0 and ^ i s a p o s i t i v e i n t e g e r . ( 4 . 5 . 2 ) may be denoted 
s y m b o l i c a l l y , by 
m, n 
(j)(s) = G [ f ( t ) ; ( a „ ) , ( b ^ ) ] . 
P ,q H q 
EXAMPLE 
2 ( n i . n - l ) ^ 
- n 
L e t P ( ^ ) = x ( x + 1 ) , 
Then, if f ( x ) i s R , so a l s o i s 
g( x) = / ( xy) 
0 
^ ( m . n - 1 ) 
m m " " 
( X +y ) f ( y ) d y 
: 46 : 
( 4 . 4 . 1 0 ) 
4 . 5 PROPERTY 
Kapoox and Masood [ 2 2 ] gave a g e n e r a l i z a t i o n of the 
c l a s s i c a l L a p l a c e t r a n s f o r m 
CO - s t 
(t)(s) = / e 
0 
f ( t ) d t ( 4 . 5 . 1 ) 
in the form 
4)(s) = / G , ( s t ) f ( t ) d t 
0 ^ 
( 4 . 5 . 2 ) 
h e r e 
G, ( St ) = G ( a s' t 
m,n / ^ > 
ya s "• 
P t q 
( a ) P 
( b ) 
q 
< (m+n-^p-^q) , C 1 m _< q, C £ n ^ p , p+q < 2 (m+n) , | a rg a 31] 
a > 0 and X i s a p o s i t i v e i n t e g e r . ( 4 . 5 . 2 ) may be d e n o t e d 
s y m b o l i c a l l y , by 
<^{s) = G""*" [ f ( t ) ; ( a ) , ( b ) ] . 
P , q ^ ^ 
: 47 : 
On p u t t i n g m = l = q , p = 0 = n, a = l = / ^ and b^ ^ = 0; 
( 4 . 5 . 2 ) r educes i o ( 4 . 5 . 1 ) . 
( 4 . 4 . 3 ) i s a kernel t r ans fo rming a f u n c t i o n se l f r e c i p r o c a l 
fo r the kerne l K( x) of ( 4 . 2 . 5 ) in to ano the r func t ion self 
r e c i p r o c a l for the ke rne l P( x) and v i c e - v e r s a , 
where 
P(x) = >,a X a X 
( ^ p ^ ' ^ - ^ - ^ ^ q ^ 
(C ) , 1 - 1 _ ( 5 ) 
^ p ' ' /\ ^ q' 
( 4 . 5 . 3 ) 
From t h i s r e s u l t , v^ e deduce t h a t 
1 - i - ( a „ ) , 1 -
» 2 q , 0 / ^ > 
/ G I a X Y 
C 2p,q 
> T 
( b ^ ) , i£^) 
f ( y ) d y = g( x) say. 
( - 4 . 5 . 4 ) 
i s solf r e c i p r o c a l for ke rne l K( x) or P( x) accord ing as f ( x) 
is a se l f r e c i p r o c a l for the ke rne l P(x) or K ( x ) . 
4 .6 Le t us suppose t h a t f , ( x ) i s se l f r e c i p r o c a l for the 
kernel i<( x) and f2( x) i s s e l f - r e c i p r o c a l fo r the kernel P( x) 
Then by ( 4 . 5 . 4 ) 
: 48 ; 
2q,0 I X > 
C 2p,2q 
1 - V - ( a J , 1 - ,^  - (f J 1 
^ 
( b q ) , ( S q ) 
f l ( y ) d y = g ^ ( x ) ; 
say, ( 4 . 6 . 1 ) 
i s se l f r e c i p r o c a l for the kerne l P( x) , and 
°o 2q»C 
C 2p,2q 
a X y 
1 l - 4 - ( a p ) , 1 - ^ -
(b ) , ( S ) 
^ q' ' q 
f2(y)dy=g2( x) 
say ; ( 4 . 6 . 2 ) 
ici '^lilf recipjTOGal for the ke rne l K( x) . 
Comparing ( 4 , 6 . 1 ) and ( 4 . 6 . 2 ) with ( 4 . 5 . 2 ) , we observe 
that 
g,(s) = G " '^^  [ f , ( t ) ; l - i - ( a J , l-{-ifj, ( ^ ) ' ( ^ a ) ^ 
^ ^p,2q ^ A P A P q q 
( 4 . 6 . 3 ) 
and g^(s) = G 
.2q,0 
'2p,2q 
[ f 2 ( t ) ; i - ^ - ( a p ) , i - i - ( f p ) , ( b ^ ) , ( £ ^ ) ] 
( 4 . 6 . 4 ) 
Applying the g e n e r a l i z e d P a r s e r v a l - G o l d s t e i n formula ( 3 . 2 . 1 ) , 
we ob ta in ( 3 . 1 0 . 7 ) . 
I 49 : 
Here f, (x) and g2( x) are self rec iproca l for the 
kernel K{ x) and fgC x) and g.j^ ( x) are self reciprocal for 
the kernel P(x) . 
We have thus proved tha t the in tegra l of the product 
of two function self rec iproca l for the kernel I<( x) equals 
the in tegra l of the product of two other functions self-
rec iprocal for the Kernel P (x ) , provided tha t 
( i ) One function in each product is the general ized Laplace 
transform, as given by equation (4 .6 .3) and ( 4 . 6 . 4 ) , of 
a function of the other product, 
and ( i i ) the i n t e g r a l s involved convergent abso lu te ly . 
- o - o - o - o - o - o - o -
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